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PRINCIPLES OF SOIL MECHANICS INVOLVED 


ING EE DESIGN OF 


RETAINING WALLS 


AND BRIDGE ABUTMENTS 


BY THE DIVISION OF TESTS, BUREAU OF PUBLIC ROADS 


Reported by L. A. PALMER, Associate Chemist 


N A LARGE NUMBER of earth pressure and foundation prob- 

lems the stresses found by the method based on elasticity are 
independent of elastic constants and are classified as problems 
of plane strain or plane deformation. ‘These are problems in- 
volving two dimensions, and in their solution an analysis is made 
of the stresses in a vertical cross section of the earth embank- 
ment or supporting soil under a foundation. The limitations of 
the analytical method based on the assumption of the conditions 
of plane strain are indicated in this paper in the case of the 
supporting soil under abutments, piers, and retaining walls. 

The principle of superimposition of different systems of loading 
is applied to problems of plane strain in deriving expressions for 
the greatest shearing stress in the undersoil below a symmetrical 
fill and a bridge abutment. The greatest unit shearing stress 
anywhere in the undersoil below a fill having equal side slopes 
and the top surface parallel to the subgrade surface is approxi- 
mately 0.3p, where p is the unit pressure of fill material at the 
subsoil level beneath the roadway. If 0.3p is less than the unit 
cohesion c of the undersoil, the latter is safe insofar as ultimate 
failure is concerned. However, when 0.3p exceeds c of the 
undersoil, it does not follow that failure is inevitable. In sucha 
case Prandtl’s formula is applied, 


sin ¢ 
sin @ 


5 
q=(c cot ¢+ wb’ cot a)| Paes e7 tan ae | 


where, with respect to the undersoil, 


q=supporting power, 
c=unit cohesion, 
w=unit weight, 
¢=angle of internal friction, 
a=45°— ¢/2, and 
b’=% the horizontal distance between the midpoints of the 
slopes of the symmetrical fill. 


By this formula, the factor of safety against failure of the sup- 


porting soil is the ratio, 3 


The maximum shearing stress in the soil below the base of an 
abutment subjected to a rotating moment producing a maximum 


Po, 


vertical pressure po at the toe is — a If a is less than the cohesion 


of the undersoil, it will not fail under this stress. However, if 2 


exceeds c, it is necessary to determine the factor of safety 
0 








The object of this paper and that of a former one ! 
is to make available for practicing engineers the method 
based on elasticity as a theoretical and practical ap- 
proach to the study of earth problems. This method 
is particularly applicable to a large number of problems 
falling under the heading of plane strain. In this case 
the stresses found by the method based on elasticity 
are independent of the elastic constants, and the 
difference in the behavior of two different earth ma- 
terials under loads which are equal and identical in 
distribution and with the same plane strain conditions 
is entirely a matter of difference in the relative displace- 
ments of the two stressed materials. 


© 1The Theory of Soil Consolidation and Testing of Foundation Soils, by L. A. 
Palmer and E. S. Barber, PuBLIc Roaps, vol. 18, No. 1, March 1937. 
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against failure, obtaining q from the formula, 





ma 2¢ rs wa ie wd 
q tanesit@a 2tanae ant a tan’ a 
where 


q=supporting power, 

c=unit cohesion, 

w=unit weight, 

a=45°— ¢/2, 

d=depth of surcharge, and 

a=width of the base of the abutment. 

The active and passive earth pressures and the earth pressure 
at rest, in the earth back of retaining walls, are easily deter- 
mined by using the analytical method of Coulomb and the 
graphical method of Mohr. The conditions of plane strain 
are assumed in the application of both methods. Assuming a 
level earth surface back of the retaining wall, the expressions 
for the three earth pressures are 


=p, tan? (45° —¢/2) —2c tan (45° — 4/2) 
pn (at rest) =Kp, 
and 


pn (passive) =p, tan? (45°-+ ¢/2) +2c tan (45°-+ ¢/2) 
where 


pn (active) 


g@=angle of internal friction of embankment material, 
c=unit cohesion of embankment material, 
K=coefficient of earth pressure at rest, of the embank- 
ment material, 
pr=horizontal pressure, and 
p»= vertical pressure. 


The values, c, ¢, and K are determined experimentally; p, 
(active) is the smallest in magnitude of the earth pressures; 
Pr (passive) is the largest; and the earth pressure at rest, p, 
(at rest) is intermediate in value between these two extremes. 
If the earth back of the wall moves outward when the wall fails 
by rotation about the base, the pressure is active. If movement 
of the wall is exceedingly small or zero, the pressure against it 
is earth pressure at rest. If the soil back of the wall is cohesive 
and of a nature such that it tends to expand or swell on wetting 
and to contract on drying, then, on swelling, the pressure exerted 
on the wall is passive earth pressure, and the wall should be 
designed to withstand passive earth pressure. 

If the earth back of the wall is cohesionless material such 
as sand, the maximum pressure against the wall is earth pressure 
at rest. The value of K for sand has been reported as being 
within the limits 0:40 to 0.45. 


The body under stress is assumed to be very long in 
comparison with its width, the length being in the Y 
direction. In this class of problems the stresses and 
strains are independent of one of the three rectangular 
coordinates, the Y coordinate in this paper. Examples 
of this class most frequently considered in textbooks are 
stresses in thick-walled tubes under internal pressure 
and stresses produced in a sheet of metal during rolling 
in which the dimension perpendicular to the direction 
of rolling is very large. Obviously, neither the tube 
nor the sheet are of “infinite length,’ an expression 
often used in purely mathematical treatments of such 
problems. In foundation problems, a foundation wall, 
a fill, an earth dam, a long retaining wall, or a bridge 
abutment with wing walls may be considered as exam- 
ples of the plane strain problem. 
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(1), UNIFORM POSITIVE LOAD DIAGRAM 




















(3). POSITIVE LOAD DIAGRAM 


Figure 1.—A Unirorm Loap (1), SUPERIMPOSED ON A NEGA- 
TIvE Loap DIAGRAM FOR A CuT (2), YIELDS THE POSITIVE 
Loap DIAGRAM FOR A Fit (8). 


CALCULATIONS INVOLVE SUPERIMPOSITION OF VARIOUS SYSTEMS 
OF LOADING 


In this paper formulas will be derived for stresses in 
the supporting earth below (a) a symmetrical fill and 
(b) a bridge abutment subjected to a rotating moment 
of such a nature that a trapezoidal load distribution is 
transmitted by the abutment. Recourse will be had to 
well known methods of the superimposition of loading 
systems in these derivations. Further application of 
the principles of plane strain will be made in the analy- 
sis of the three types of earth pressures against retaining 
walls: (1) Earth pressure at rest; (2) active earth pres- 
sure; and (8) passive earth pressure. The method 
based on plastic equilibrium will be used in deriving an 
expression for the bearing capacity of soil supporting a 
bridge abutment and finally, there will be indicated by 
direct computations the extent of application of the 
methods based on plane strain in determining earth 
stresses below loaded rectangular areas of different 
sizes. These are topics of vital interest to bridge en- 
gineers and a continuation of the analysis much beyond 
the scope of this paper is needed. 

Working formulas have been developed by S. D. 
Carothers ” for several different systems of loading, all 
of which pertain to foundation problems of the plane 
strain class. It is possible to derive formulas for vari- 
ous additional loading systems by superimposing two 
or more of those already considered by Carothers. 
Two examples of this procedure will be given: 


_1. A uniform load, p, is superimposed on the negative load 
diagram for a cut so as to yield the load diagram for a fill (see 


? Direct Determination of Stresses, by S. D. Carothers, Proceedings of the Royal 
Society of London, Series A, vol. 97, p. 110 et seq. 

Elastic Equivalence of Statically Equipollent Loads, by S. D. Carothers, Pro- 
ceedings of the International Mathematical Congress, vol. 2, Toronto University 
Press, 1924. p. 527 et seq. 

Test Loads on Foundations as Affected by Scale of Tested Area, by 8. D. Carothers, 
Engineering, London, July 4, 1924, p. 1 et seq. 
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(x,y,z) 
Pz 
FOR 5 = @, THE LOAO DIAGRAM OBCD BECOMES OAB,THEN A, =, AND G = 0 





&.y,2z) 


tp 
BY TAKING LOAD DIAGRAM OAB AS NEGATIVE AND SUPERIMPOSING ON JT A UNIFORM 
LOAD 2, , GREATER THAN 2, THE TRAPEZOIDAL LOAD DIAGRAM OBCD, 1S OBTAINED 
G 













EX 
< | OAB IS NEGATIVE 
| OACD IS POSITIVE 
OACD -OAB = OBCD wWhicH 
| IS POSITIVE 


R,~(%% 2) 


Figure 2.—DEVELOPMENT OF DIAGRAM SHOWING TRAPEZOIDAL 
Loap DIsTRIBUTION OvEeR A LONG STRIP. 


fig. 1). The loads are infinite in extent in both the X and Y 
directions, the Y direction being perpendicular to the plane of 
the figure. 

2. By first taking b=a in the upper diagram, OBCD, of 
figure 2, there is obtained a system of triangular loading, OAB, 
over a long strip as indicated. If this triangular load is then 
given a negative sign, and there is then superimposed on it a 
strip of uniform pressure, po, as shown in the lower diagram, there 
results a trapezoidal load distribution, OBCD, over a long strip. 


Example 1—Derwation of formulas for stresses beneath 
a fill—tIn problems of plane strain it is usually sufficient 
to know six stresses: The normal stresses, p,; and 7,, 
acting in the directions of the OX and OZ axes, respec- 
tively; the principal stresses, p, and p.2, acting at right 
angles to each other and perpendicular to planes of 
zero shearing stress; the shearing stress, s,,, correspond- 
ing to the normal stresses, p, and p,; and the maximum 
shearing stress, Smax, at any point, equal in magnitude 
to half the difference of the two principal stresses at 
that point. That is, at any point (2, y, 2) in the stressed 
undersoil, 


Smax. ao 


al [eens Se (1) 


where p; is the major and p, the minor principal stress. 
Since displacements in the undersoil in the direction of 
the OY axis (perpendicular to the XOZ plane) are zero, 
it is usually unnecessary to consider the normal stress, 
py, acting in this direction. It is necessary, however, 
to consider the magnitude of p, at the terminal of a 
long loaded strip or fill where the retaining wall or abut- 
ment is placed. In computing 7;, pz, and Smax., Dy is not 
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needed in problems of plane strain. In texts * dealing 
with the theory of elasticity, the following relations are 


derived: 
a 2 % 
py Petes +| (25 Ps) + (6 | 


Pep Pe] (BSP + |" 
GB (BSP) + oan? | 


Hence, if at any point (2, y, 2) of the undersoil, the 
- stresses, pz, Pz, and s,,, are known, values for 7, p2, and 
Smax. are easily derived. 





Smax. = 


ISOSHEAR LINES DETERMINED FOR MATERIAL BENEATH A FILL 


With reference to the load diagram for a cut in figure 
1, the vertical pressure, p., at a point (z, y, 2) in the 
undersoil as derived by Carothers was found to be 


pz (for out) == “lta a (a+ a+ az) 


BS UA0, 203) try) |, A oe (5) 


Formula (5) as written is for compression. If 7p is 
given a negative sign, then p, is tension. If a uniform 
compression, p, is added to this tension, i. e., if the 
expression on the right of formula (5) is subtracted 
from p, there results the formula for the vertical pres- 
sure, pz, at the same point as produced by the load 
diagram for a fill, figure 3. That is, 


pz (for fill) =p—* [ra—a(ot+on+ as) 
—b (a+ a3) —£(a4— a) ] 


or 


p: (for fill, fig. 3) = [a(ay+ a+ 0%) 
+6 (a+ a) sit Oe Cos) a ae eee Re (6) 


where the angles, a1, a2, and a3, are expressed in radians. 

Similarly, by taking Carothers’ formulas for p, and 
Sz for the cut and considering p, and s,, as produced 
by the uniform compression as p and zero, respectively, 
there is obtained 


pz (forfill) = Pla (a +.a2+ a3) +b (o1+03) 





UAE 
St (Qi Of) 22 low | ---------------- (7) 
and 
S52 —=E (1) --------=---- (8) 


By substituting the values for p., pz, and 8,2, as given 
in formulas (6), (7), and (8), in formulas (2), (8), and 
(4), expressions for the stresses, 1, Po, and Smax,, are 
obtained. Thus 

RR, 


Smax.—= = log Se aN R3 ae (aj— as)? | 


3 See, for example, pp. if 2 Ay inclusive, of Theory of Elasticity, by S. Timoshenko. 
McGraw-Hill Book Co., 
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=a POINT (X,Y,Z) 


ra 


=F [a(arta2-+ as) +5 (01 +05) +2(a1— as) 


p22 | a(au-ton-+as) +B(ou-+04) +2(e— cx) 





RR 
—2z log, RR, 
S2e= — =F (cx 3) 
pr=e (a + a+ a3) +b (a+ a3) +2 (a1 — a3) 
RR RR. 
—z log Sep - e+ B hose pt + (aes)? Og. "RR, + (a4 a3)? 


nobiles +b(a + a3) +2(a1— a3) 


RR jh : 

= ; 2 hog Ze RR, + (1 28)” 
2 

Ze "RR, + (1 8)? 














—z log. RR 


Smax,—= 2. | log 
Ta 


Figure 3.—Loap DIAGRAM AND COMPUTATION OF STRESSES IN 
Harte Bretow a FILu. 








Along the axis, OZ, R,=R,, R2=R3, and a;=a3. Hence 
formula (9) reduces to 
Smax, — 2 tog] 7 | =P log elo s (10) 


Korea—0; fae 3, and for points oe OZ, it is 
found by trial that the greatest value of snax, is at the 


point, e=sa, where Smax.=0.31p (or 0.3p approximately) 


Similarly, by taking a=26, the greatest value of Smax. 
at any point on the center line, OZ, is at z=0.96a, 
where Smax.=0.30p. It is worthy of note that these 
relations are independent of the height, H, of ne fill. 


By varying the height and the slope, and keeping © can the 


same, the relation, greatest Snax.=0.3p at e=Sa for 


a=b or at z=0.96a for a=26, is not changed, een 
the magnitude of p and therefore, Of Smax., INcreases as 
A is increased. Here p=wH, where w is the average 
unit weight of fill material. 

By drawing accurately and to scale the load diagram, 
the ail lines, R,, Rz, R3, and Ry, the vertical and 


196 


PiU BET GSROAD 


Vol. 19, No. 10 























He ale 











a b 
Pp 
Ad LSS 
a 


Ss 





Ficure 4.—IsosHEAR Lings UNDER Typicat Frnt, WHERE a=b. 


horizontal distances z and z, respectively, and the sub- 
tended angles, a;, a2, and a3, the numerical values of 
Smax. May be computed for various points in the sup- 
porting soil. All points of the same s,,,, may be con- 
nected by a smooth curve, and a series of such curves 
or isoshear lines, as shown in figure 4, may be drawn. 

It has been shown * that if the greatest value of Smax., 
namely 0.3p, does not exceed the unit cohesion (of the 
undersoil), the supporting power of the undersoil is 
usually ample, and that if 0.39 exceeds the unit cohe- 
sion, a further analysis of the supporting power of the 
undersoil should be made. 

If 0.3p exceeds the unit cohesion ¢ of the undersoil, 
it does not follow that failure of the supporting earth 
is inevitable, but it is necessary in such a case to deter- 
mine the supporting power gq by Prandtl’s formula,® 


which is 
tan g@__ i| 


where, with respect to the supporting soil, 
g=supporting power, 
c=the unit cohesion, 


q=(c cot ¢+wb’ cot o)| -EEEs er 


‘ Principles of Soil Mechanics Inyolved in Fill Construction, by L. A. Palmer 
Sa E. 8. Barber, Proceedings of the Highway Research Board, Annual Meeting, 
1937. 

5 Prandtl’s formula as originally derived pertains to uniform strip loading. The 
formula is adapted to the case of trapezoidal loading (fill) by reconstruction of the 
load diagram, changing the trapezoid (fig. 3) to a rectangle of equal area. 





¢=the angle of internal friction, 
w=unit weight of undersoil, 
b’=5+b (see figs. 3 and 4), and 
a=45°—¢/2. 


SAMPLE CALCULATION OF SUPPORTING POWER GIVEN 


As an example, suppose that q is to be determined 
for the supporting soil beneath a fill in which the 
dimension a=b=20 feet and which has a height of 20 
feet, giving a value for p=2,000 pounds per square 
foot, the unit weight of fill material being 100 pounds 
per cubic foot. Suppose that the values c and ¢ for 
the supporting soil are 200 pounds per square foot and 
5°, respectively. This value for c is less than 0.3 2,000 
—600 pounds per square foot. The value of a is 45°— 
7-=42.5° and cot a=1.091. 
undersoil is 100 pounds per cubic foot. The value 
cot 5°=11.43, sin ¢=0.087 and tan ¢=0.0875. ‘Then 
by substitution in Prandtl’s formula, 


Assume that w for the 


i= (200 11.43+100x30% 1.091)] Fp paren | 


=3,150 pounds per square foot. 


The factor of safety against complete failure of the 
supporting soil is 
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The approximate working rule, that 0.39 should not 
exceed the unit cohesion ¢ of the supporting soil, does 
not take into account the frictional resistance of the 
undersoil and the resistance offered by the weight of 
displaced undersoil when it fails. Prandtl’s formula 
takes these factors into account. This approximate 
rule is usually well on the side of safety against ultimate 
failure if ¢ is greater than 10° and if the ground-water 
level is considerably below the surface of the supporting 
soil. Buoyancy produced by ground water diminishes 
the value of win Prandtl’s formula. 

Only ultimate failure of the supporting soil is con- 
sidered in the preceding example. It is entirely possi- 
ble that even with a factor of safety of as much as 2 
against ultimate failure, there may nevertheless be dis- 
placement of the undersoil to an extent such that the 
fill settles beyond the maximum allowable amount, and 
in this event it would be necessary to have a much 
higher factor of safety than 2. If a correlation between 
displacements of large soil masses on the one hand and 
deformations in laboratory samples on the other were 
obtained, it should be possible to take a laboratory 
value c’ (rather than the ultimate value c) corresponding 
to the maximum allowable deformation in the support- 
ing soil and refer the factor of safety to this value. 

Example 2—Derwation of formulas for stresses beneath 
a trapezoidal load distribution—With reference to the 
upper load diagram, OBCD, figure 2, Carothers has 
derived the formulas for stresses at any point (a, y, 2) 
of the undersoil. For p, at any point he obtains: 


z 


p=2| ap+ra— pie) | a= a2e-- (11) 


If b=a, angle B=0, R;=R,, and formula (11) reduces to 


which is the value of p, at any point (a, y, 2) in the un- 
dersoil beneath a triangular load (OAB, center diagram 
fig. 2) extending over a long distance in the Y direction. 
If - is now given a negative sign in formula (12), », be- 
comes negative at the point. If, now, a strip of uni- 
form pressure, 7, is*superimposed on the negative tri- 
angular load, OAB (see lower diagram of fig. 2), it is 
possible to derive the expression for p, at the point 
(x, y, 2) as produced by the trapezoidal load, OBCD. 
Thus, for the uniform pressure, ~, over the strip of 
width a and represented by the load diagram OACD, 
lower diagram of figure 2, 


pe=2(aa-+a Sin 005,20) Seee ese (13) 


If the expression on the right of formula (12) is now 
subtracted from the expression on the right of formula 
(13), there results, 


ed) : eee 22 | ep he 
Pi=7 Gata sin a cos 28) aa 2 Re a) |.-04) 


which is the expression for p, at any point (a, y, 2) in 
the undersoil resulting from the trapezoidal load, 
OBCD, at the surface. In a similar manner it is found 
that 
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p.=**(aa—a sin a cos 28) 

—£ wat pea (@—a) +22 log. | ees (15) 

PS sin a sin 28) +2) ca—ajrs ee aha 


and 
1 az Rf 
Sane —o|| Pat sin @ Cos 28+ PRa(t—a) +p, log | 


) 2)1/2 
+| pow sin a sin 28+p( ca—ajea) |} 


By substitution of various values for a, 8, R;, R:, x, and 
z1n formula (17), it is found that the greatest value of 
Smax- 1S found at the point O, figure 5, and that this 


° D ; = ° 
value is equal to where Py is the maximum applied 
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Figure 5.—TRAPEZzOIDAL Loap DISTRIBUTION DIAGRAM. SEB 


Formutas (14), (15), (16), anp (17). 


CONSIDERATION GIVEN TO EARTH PRESSURES TENDING TO 
PRODUCE ROTATING MOMENT 


A trapezoidal load distribution, as illustrated in 
figure 5, results whenever a rotating moment is applied 
to a retaining wall or abutment, and in this figure the 
point, O, may be considered as at the toe. There is 
no danger of failure of the undersoil if the cohesion of 
the supporting soil corresponding to the maximum 
allowable movement of the wall or abutment exceeds 
a If the cohesion is less than this greatest shearing 
stress, it does not follow that failure of the undersoil 
will result although a plastic region at the toe is likely 
to be developed, and in this case the stress relations 
as given by formulas (14), (15), (16), and (17) no longer 
apply. The whole system of stress distribution is then 
changed. Prior to further consideration of this subject, 
it is necessary to consider the earth pressures tending 
to produce the rotating moment. 

There are two principal kinds of soil deformation 
caused by load: (1) Volume change; and (2) distortion 
resulting from shear. Volume change results when a 
compressible soil stratum is consolidated by causing 
water to escape from the stratum under pressure into 
one or more permeable strata (drainage courses) 
bounding the compressible soil layer. On the other 
hand, it is assumed that distortion alone produces no 
volume change in a soil. One of the basic principles 
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of soil mechanics has been that a soil maintained at a 
constant moisture content is incompressible. This 
could be true, of course, if the voids are completely 
filled with water and if each individual soil particle is 
assumed to be capable of a change in shape but not in 
yolume, in which case the value of Poisson’s ratio 


would be B 


The magnitude of distortion caused by shearing 
stresses depends on the magnitude of the stresses and 
the shearing resistance of the soil. It may proceed 
slowly and cause a slow subsidence of the supporting 
soil, or it may occur very quickly as in a landslide. 
The relatively slow displacement may cause failure of 
the structure without developing a surface of failure or 
shear in the supporting soil. The allowable deforma- 
tion depends on the structure, and it may be consider- 
ably less than the magnitude of the deformation or dis- 
tortion that is characteristic of the yield value or ulti- 
mate shearing resistance of the soil. Laboratory tests 
can provide the design engineer with a complete shear- 
ing stress-deformation relationship for the soil in ques- 
tion, and this, together with a knowledge of the earth 
stresses, should be very useful information. 

At ultimate failure the shearing stress at any point 
on the surface of failure is equal to the shearing resist- 
ance of the soil at that point, and Coulomb’s formula 
expressing this equality is 


S=¢ 1), tall ole eee (18) 


where s is the total unit shearing resistance and c the 
cohesion per unit of area. Cohesion may be only a 
part of the shearing resistance. If friction is developed, 
the other part is p, tan ¢ where ¢ is the angle of internal 
friction (limiting value of the angle of obliquity) and 
pn is the pressure normal to the tangent plane through 
any given point on the surface of shear. Both c and 
¢ are limiting values in this formula, that is, they are 
values which obtain at the instant of sudden and com- 
plete failure of the earth mass. 

If the shearing stress in the soil mass equals half the 
shearing resistance, s, then the factor of safety insofar 
as the soil is concerned is 2. However, for the structure 
supported by this soil mass, this number may be mean- 
ingless, c and ¢ being ultimate values, and it is prefer- 
able to take values of c and ¢ that correspond to the 
maximum allowable soil deformation for the particular 
structure. In formula (18) it is assumed that the 
normal pressure p, is transmitted solely from grain to 
grain of soil and that no part of p, is hydrostatic pres- 
sure. ‘The conditions that exist when a portion of p, is 
carried by water have been analyzed by Terzaghi.® 


MOHR’S GRAPHICAL METHOD USEFUL IN PROBLEMS OF PLANE 
STRAIN 


For any material in which ¢ is zero, the shearing 
strength is not increased by pressure. Thus, a cylindri- 
cal specimen of such material, subjected to a load in 
the direction of its axis, would have theoretically the 
same shearing strength for a lateral (hydraulic) pres- 
sure of zero as for one of considerable magnitude. If ¢ 
is not zero, the shearing strength increases with increas- 
ing lateral pressure, p,. In a cylinder of homogeneous 
material, the displacements in any two or more differ- 
ent vertical planes through the longitudinal axis are 

6 The Shearing Resistance of Saturated Soils and the Angle between the Planes of 


Shear, by Dr. Charles Terzaghi, vol. I, pp. 54 to 56, inclusive, Proceedings of the 
International Conference on Soil Mechanics and Foundation Engineering, 1936. 
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FIGURE 6.—GRAPHICAL ANALYSIS OF STRESSES IN A COMPRESSED 
CYLINDER, Ustnc Mour’s Circe oF STRESS. 


the same. Points in any such vertical plane remain 
in that plane during the period of stress. Hence, the 
compressed cylinder is treated as though it were 
another case of plane strain. For a graphical analysis 
of the stresses in such a system, Mohr’s diagram is 
very useful. The graphical method is illustrated in 
its simplest form in figure 6, and the following procedure 
enables one to compute the normal stress, pe, and the 
shearing stress, s, for any plane, #0, through the stressed 
cylinder, », and p, being the only applied stresses. 

Procedure for computing p» and 8—.— 

1. On the normal stress axis, figure 6, lay off to scale 
the distances, 0M and ON, proportional to p, and p,, 
respectively. 

2. Draw a circle around the diameter, MN. 

3. The normal stresses, p, and pz, are principal 
stresses. There are no shearing stresses on the planes 
(principal planes) to which these stresses are perpen- 





dicular. The maximum ordinate to any point on the 
circle is the radius of the circle. The diameter=MN= 
Po—Pn and the radius is 2 sf <a 


4. A line drawn from M to any point, D, on the 
circle represents a plane through the center of the 
cylinder, inclined at an angle, 6, with the horizontal. 
There are an infinite number of planes through the 
center of the cylinder and a corresponding infinite 
number of points on the circle. The normal stress on 
the plane, 0, through the cylinder is the horizontal 
distance, RD, in the stress diagram, 


RD=OE=0M+MC+CE=0M+MC-+CD cos 26 


= prt eet | PP | cos 26 
Hence 


pobre Pe 4 | PoP COS 202.8 eee (19) 
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- increased correspondingly to a value, p,’. 
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For 9=0, po=p, and for 6=45°, p= 00=Pe Ps, For 


G=90°, Pe== Pr: 
5. The shearing stress, ss, on the plane, 6, is the 
ordinate value, DE. That i is, 


SU EPO) cin 28 
or 





$j aa SU 207 4h rec wee (20) 


For 6=45°, seis a maximum and equal to P ae *. For 


p00" +s¢—0. and for 0=0; ss—0); Hence a the two 
mutually perpendicular planes, 6=0 and 6=90°, there 
is no shearing stress, p, being perpendicular to 6=0 
and p, to @=90°. 


PLANE WHERE SHEARING RESISTANCE EQUALS SHEARING STRESS 
DETERMINED GRAPHICALLY 


In the stressed cylinder, p, is the same on all hori- 
zontal planes and p, is the same on all vertical planes. 
Hence p» and s» have constant values on one and the 
same plane. This condition does not exist in an earth 
mass where the principal normal stresses vary both in 
direction and magnitude from one point to another. 
Hence in an earth mass the Mohkr’s diagram must be 
considered with reference to stresses all in the immediate 
neighborhood of a particular point. 

The graphical procedure above described is with 
reference to stress and without regard to the resistance 
of the material to stress; and no elastic constants are 
considered, since the problem is one of plane strain. 
If the angle, ¢, characteristic of the material, is not 
zero and if a cylinder of the material fails in shear under 
a compression, Pos and a lateral pressure, pp, then if p, is 
increased to p,’, the compressive strength, p,, will be 
This con- 
dition may be represented by two stress circles (see 
fig. 7), the first having a diameter equal to DoxPr and 
the second a diameter equal to p,’—p,’. In both 


‘Instances, failure occurs theoretically on that plane, 4, 


where the shearing resistance equals the shearing stress 
according to formula (18). The graphical procedure of 
determining this plane is as follows (see fig. 7): 

1. Describe circles around the diameters, p,—p, and 
Po’ —p,’. The distances, OM and OM’ represent p, and 
pn’, respectively. 

2. Draw a straight line tangent to both circles. 
Draw the lines, MT and M’T’, to the points of tangency. 
These two lines represent the most dangerous planes 
and are called the planes of failure. Both are inclined 
at the same angle, a, with the horizontal. 

3. The tangent line called ‘Mohr’s envelope’”’ 
inclined at the angle, ¢, to the horizontal. Its eho 
is formula (18), 


s=c-+7p, tan ¢, 


cand ¢ being ultimate values. At the origin, p,=0 and 
the shearing resistance at zero normal pressure equals 
the cohesion, c. The intercept of the envelope line 
with the shearing stress axis is c and its slope is tan ¢. 


From geometry, 2a=90°+¢ or a=45°+8. If the 


material is such that ¢=0, the most dangerous planes 
are inclined at 45° to the horizontal. 

4. The shearing stress on any plane, for example the 
plane, M’D on the larger circle, is obtained from for- 
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Figure 7.—GRapPHicaL ANALYSIS FOR DETERMINING PLANE OF 
FAILURE. 


mula (20). On the plane, M’D, the shearing stress is 
the ordinate HD, and the shearing resistance on this 
plane is HR=c+p, tan _¢ where ps» is the pressure 
normal to the plane, M’D. The shearing resistance is 
greater than the shearing stress on this plane, and this 
condition exists on all planes except the most dangerous 
ones, where, according to Mohr’s theory, the shearing 
stress equals the shearing resistance. On the plane, 
M’'T’, the shearing resistance, s, 1s equal to c+-p’a tan ¢. 

In accordance with this theory, failure may be by 
fracture, as in the crushing of a concrete cylinder, or it 
may be evidenced by plastic flow, in which case the 
dangerous planes are planes of “slip” or flow. When 
plastic yield occurs, helical slip lines (Liiders lines) are 
often visible on the exterior surface of the cylinder. 
Visual observations of Liiders lines and fractured sur- 
faces in stressed cylinders of homogeneous materials 
tend generally to substantiate Mohr’s theory, which is 
essentially a graphical representation of Coulomb’s 
law, formula (18). 


EARTH PRESSURES COMPUTED WITH THE AID OF MOHR’S THEORY 


It has been previously indicated in this paper that in 
considering the supporting power of soils conservative 
values for cohesion and friction (that is, values less than 
the ultimate) should be taken. Thus the unit cohesion 
of the undersoil below a fill should not be exceeded by 
the greatest shearing stress, the unit cohesion in this 
case being that corresponding to the maximum allow- 
able deformation and therefore less than the ultimate 
value, symbolized by the letter, c. In the development 

of Mohr’s theory of failure and Coulomb’s formula 
only the ultimate values, c and ¢, are considered. 

There are instances, however, when it is on the side 
of safety to use only ‘the ultimate values, ¢ and ¢, in 
computations. An example is the computation of 
passive earth pressure against an abutment or retain- 
ing wall. The formula for the passive earth pressure is 
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Figure 8.—Scuematic DracraAmM SHowine EartH Mass, RE- 
TAINING WALL, AND RupTruRE PLANES. 


» (passive) =p; tan’? (45°+$)+2c tan (45°+8) 


where p (passive) and p, are principal stresses. It is 
not safe to underestimate the magnitude of p (passive), 
which, as seen in this formula, increases as ¢ and ¢ in- 
crease and which is produced by the expansion of soil 
back of a retaining wall. This formula and the one for 
active earth pressure are developed by the following 
procedure. 

Consider a level earth mass of cohesive and homo- 
geneous soil of great depth and extent. It is assumed 
that it is possible to cut out a trench of given depth and 
of great length in the soil mass without any disturbance 
of the remaining earth. It is next supposed that a rigid 
wall with bracing is erected (still without disturbing the 
soil) along the entire length of a side of the perpendicular 
embankment (see fig. 8). The unit weight of earth is 
taken as w and if the vertical distance from the surface 
to a small element of earth touching the wall is H’, then 
the vertical pressure, »,, on the element equals wH’, 
assuming zero friction between earth and wall. To this 
vertical pressure there corresponds a horizontal pres- 
sure, p,, and it is assumed that the values, p, and pp, 
have remained unchanged during the construction of the 
rigid wall and bracing. 


If the wall remains unyielding, the ratio, = is known 
0 


as the coefficient of earth pressure at rest. In figure 9, 
the stresses on the element adjacent to the wall and at 
a depth, H’, are represented by circle (1), the circle for 
earth pressure at rest. It is assumed that the stresses 
are transmitted solely from grain to grain of soil, 
Terzaghi ’ has estimated the coefficient of earth pressure 
at rest as being within the limits, 0.70 to 0.75, in cohesive 
soils and ranging from 0.40 to 0.45 in sands. Various 
authors have expressed doubt as to the constancy of this 
ratio throughout a considerable depth of homogeneous 
soil. With reference to figure 8, where for the unyield- 


ing wall as a constant, the total pressure against a 


0 


vertical strip of unit width of the wall is p= See 
where # is the height of the wall. If K=0.70, H= 


20 feet, and w=100 pounds per cubic foot, then 


_KwH? _0.7X 100X400 


1S ro 2 





=14,000 pounds. 


SAMPLE CALCULATIONS OF EARTH PRESSURES GIVEN 


Now assume that the wall yields and moves outward 
to an extent such that the soil mass back of it fails sud- 
denly in shear. The weight of earth and therefore the 

7A Fundamental Fallacy in Earth Pressure Computations, by Charles Terzaghi, 


publications from the Graduate School of Engineerin , Harvard University, 1935- 
No. 182, Soil Mechanics Series No. 3. = : are as 
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Figure 9.—D1acrams SHowiInG AcTIvE AND Passive EartH 
PRESSURES AND HARTH PRESSURE AT Razsv. 


value of », at any point along the wall are constant 
during this occurrence, but (fig. 9) the stress circle has 
grown and become tangent to the rupture line (Mohr’s 
envelope). This has occurred by reason of a diminu- 
tion in p, and, with p, constant, the diameter of the 
circle has increased from p,—p, intermediate to p,—Pp 
minimum, and 


Px int.=earth pressure at rest, 
and 
Pn Min.=active earth pressure. 


Failure occurs along the surface AM (fig. 9), inclined 


at 45°48 to the horizontal or 45°—§ to the vertical. 


On the other hand, assume that enough lateral pres- 
sure is applied against the wall from the excavated side 
to cause the earth to shear and be displaced upward. 
The lateral pressure required to effect this displacement 
is equal to the passive earth pressure, p, max. (see fig. 
9). The magnitude of this pressure is denoted by the 
distance, OD, and failure occurs along a plane inclined 


at 45°48 to the vertical (DD’, fig. 9). 


The stress circles, (2) and (3) of figure 9, for the active 
and passive earth pressures, respectively, are redrawn 
in figure 10. It is then seen that in circle (2), 





Po—Pn min. Po—Pn Min. 
cog G0 2 ee ee 
OL VIO BEBE a aah min. a i 
Then 
Pomin. _1—singd 2ccos¢ 
p.  1+sing (1+sin ¢)p, 
and hence 


Pn in. =p, tan? (45°—$) —2c tan (45° —§ es AN 


With reference to circle (3), figure 10, it is evident 
that the relationship of », to p, max. is the same as that 
of p, min. to p,, that is, 


Po=Pn Max. tan? (45°—8) —2¢ tan (45°—$ 


or 
2¢ 


Dn Max. = ree 2 
tan (45° —" 


a 
tan? (45° — i 
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Ficure 10.—D1acrams SHowinNG ACTIVE AND PasstveE EARTH 
PRESSURES. 


and hence 


Pn, Max.=p, tan? (45°+$) +20 tan (45°+$)_.-22) 


Take c=200 pounds per square foot and ¢=20° with 
reference to the illustration, figure 8, then 


p;, min.=0.490 p,—280 pounds per square foot, 
and 
Pn Max.=2.039 p,+571 pounds per square foot. 


For w=100 pounds and H=20 feet, the average p, 
will be 1,000 pounds per square foot. Then, in sum- 
mary, the total forces exerted against the wall by earth 
pressure at rest, active earth pressure, and passive 


earth pressure are: 
Total loteral pressure aH 1-foot 
vertical strip of wall 


For earth pressure at rest___ 0.7 1,000 20=14,000 pounds. 
For active earth pressure___ (490—280) x 20=4,200 pounds. 
For passive earth pressure__ (2,039+571) x 20=52,200 pounds. 

Terzaghi*® has shown that passive earth pressure 
may be exerted by clay soils against retaining walls. 
Such soils tend to expand and shrink noticeably, 
according to seasonal climatic variations. Hence, walls 
strong enough to withstand the pressure of a cohesion- 
less backfill are eradually and intermittently pushed 
out of plumb by the swelling of a cohesive ‘clay soil, 
characterized by low permeability and appreciable 
volume changes on wetting and drying. On swelling, 
ae backfill exerts passive earth pressure against the 
wall. 

In the foregoing discussion and with reference to 
figures 8 and 9, the wall was assumed as vertical and 
parallel i in direction to the principal plane to which py is 
normal. The surface of the backfill being level with 
the top of the wall and the friction between the wall 
and backfiJl material being taken as zero, there is no 
difficulty in locating the planes of failure for active and 
passive earth pressures. In both cases the resultant 
earth pressure (usually designated as /) is located at 
one-third the distance upward from the bottom of the 
cut, assuming that p, increases directly with depth. 


SHEARING PLANE DETERMINED BY GRAPHICAL METHODS 


For the more general case the surface of the backfill 
is not level; there is a certain amount of friction between 
the backfill material and the wall; the wall is not parallel 
to a principal plane; and the force exerted against the 
wall is not horizontal. The analysis of the general 


8 The Mechanics of Shear Failures on Clay Slopes and the Creep of Retaining 
Walls, by Charles Terzaghi, PUBLIC RoaDs, vol. 10, No. 10, December 1929. 
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AND E AND Q ARE RESULTANT FORCES 


Figure 11.—Forcr DiacGRams ror ACTIVE AND PASSIVE EARTH 
PRESSURES. 


case is that of Coulomb and this method deals with 
forces rather than stresses. One basic assumption is 
that the surface of failure is, for all practical purposes, 
a plane (actually it is more nearly an arc of a circle 
having a large radius of curvature). The solution is 
then briefly as follows: 

In figure 11, let 6 be the angle between the plane of 
failure and the horizontal, and W the weight of earth 
which slides when the earth fails. It is assumed that 
the magnitude of @ is such that the resultant force, L, 
against the wall is a maximum or, that if / is some 


function of 6, then oF =0. It is further assumed that 


iO 
¢’, the angle of friction between the wall and the 
earth, is less than ¢, the angle of internal friction of 
the earth. 

Assume for the present (see fig. 11) that the positions 
of the failure planes and the angles ¢ and ¢’ are known. 
In the upper diagram of figure 11 for active earth 
pressure the earth moves downward over the sliding 
plane, whereas in the lower diagram for passive earth 
pressure movement of earth is upward over the sliding 
plane. The tangential forces, both along the wall and 
sliding plane, are therefore opposite in direction in the 
two cases. Hence the resultant force / against the 
wall acts below the normal to the wall in the upper 
diagram and above the normal to the wall in the lower 
diagram and likewise the relative positions of the 
resultant force Q and the normal force N on the plane 
of failure are different in the two cases. 
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ACTIVE EARTH PRESSURE. 








Fiaure}13.—Diacram SHowina Meruop or LocatinG THE 
Sitipina PLANE For Active EARTH PRESSURE. 


The position of the plane of failure cannot, however, 
be assumed. It must be found. For active earth 
pressure, let y be the angle between the direction of 
and the vertical (see fig. 12). From the equilibrium 
polygon of forces, as shown in this figure, 


_ Wsin @—¢) 
sin (@Q—g+y)~777 777 


and, for # to be a maximum, 


sin (6—¢+y) | opsin (6—¢)+W cos o-9) | 


AE Ts —W sin (0@—¢) cos (0@—¢+y) 
dé _ | reeEisin® (@—9¢-+y) 
That is, 


Wisin (@—6-LY) cos (0-4) ~sin (@—8) cos (04+) 
=—[ GF | sin @—) bin @-4+-¥). 








D' 
Figure 14.—Diacram SHowina MeEtHop or LOCATING THE 
SLIDING PLANE FOR PASssIVE EARTH PRESSURE. 


Therefore 
1a fess | isl et 
=i dé ‘ey sin 


where 6, is the value of 6 for which F is a maximum. 


Soy: 


In figure 13 the line OC=/ and the area of the shaded 
triangle is approximately stede, The weight of earth 


in the shaded triangle is 
— (dW) n= 5? (do 


or 
d Wal are le 
| Se mae (25) 
Draw OD’, inclined at the angle ¢ with the horizontal, 


and draw CD to intersect OD’ at the angle y. Drop 
the perpendicular, h, from C to OD’. Then 


o+y)]_sin (i—¢+y) 


sin y 


sin (0,—¢) _ 
sin 90° 


m_ sin [r—(— 
Lie sin 


where m=OD. Furthermore, a hee sub- 


stituting this value, together with. i mand sul? from for- 
mula (25) in . formula (24), there is Caen 


h.,m whm 
W=5w OBS OS fe lege Ae 


Bip a 
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Hence W is equal to the area COD Xw (fig. 13). Ob- 
viously for a maximum active earth pressure, the area 
OACD (fig. 13) must be divided equally so that the 
area of the triangle AOC=area of COD, and CD may 
be moved parallel to itself until this condition obtains, 
and triangle (1) is equal in area to triangle (2) (fig. 13). 
For determining passive pressures, except for minor 
changes, the procedure is the same as that for active 
pressures. The slight differences are shown in figure 
14. Here the line OD’ is drawn below the horizontal 
rather than above it, the angle between OD’ and the 
~ horizontal being ¢ in both active and passive pressure 
diagrams. For passive earth pressure (see fig. 14), 


_ Wsin (6+¢) 
sin (6+¢+Y) 


Setting 0 as before and designating the value of 6 


for which Fis a maximum as (;, 


_[ dW] sin (4,44) sin (,+¢+y), 
w—| “dO {a1 sin y “iesoul SS), 
and except for the sign of ¢, formula (28) is the same 
as (24), which is for active earth pressure. By moving 
the line CD (which makes an angle, y, with OD’), 
parallel to itself, its position when the area of triangle 
OAC=area OCD, meets the requirement that E is a 
maximum and therefore that OC is the sliding plane. 


MAXIMUM EARTH STRESSES MUST BE PROVIDED FOR IN DESIGN 


There are various graphical procedures ® used in 
computing active and passive earth pressures and their 
distributions against retaining walls. The procedures 
are merely simplified forms of the foregoing combined 
analytical and graphical procedures. In addition to 
simplification, it is on the side of safety to take ¢’ as 
zero. The pressure distribution against the wall is 
triangular, increasing from zero at the top to a maxi- 
mum at the base. The resultant force (total pressure), 
E, is considered as applied at the intersection of the 
medians of this triangle, and this is one-third of the 
distance upward from the base of the fill. 

Vertical pressure under an abutment.—Because of an 
overturning moment ' caused by any of the three earth 
pressures (active, passive, or earth pressure at rest) the 
vertical pressure distribution under an abutment is in 
general trapezoidal (see fig. 5), the greatest pressure, 
Po, being directly under the toe. As shown previously 
in this paper, if the cohesion of the supporting soil ex- 


ceeds 2 there is no danger of failure of the undersoil. 


On the other hand, if the cohesion is less than = failure 


of the undersoil is not inevitable. 

One may go farther in this case and apply the general 
method of Hogentogler and Terzaghi " in investigating 
the stability of the supporting soil. The analysis is 
illustrated in figure 15. In computing the greatest 
shearing stress at any point in the undersoil and also in 


» See for example, Notes on Soil Mechanics and Foundations, by Fred L. Plummer 
(Edwards Brothers, Inc., Ann Arbor, Mich.), pp. 128 to 130, inclusive. See also 
pl. No. 17, p. 20, booklet, Soil Stabilization, published by the American Road Build- 
er’s Ass’n, 1938. 

10 For methods of computing the overturning and resisting moments, see pl. No. 16 
p. 19, booklet, Soil Stabilization, published by the American Road Builders’ Ass’n., 


1938. 
1 Interrelationship of Load, Road and Subgrade, by C. A. Hogentogler and Charles 
Terzaghi, PuBLIc Roaps, vol. 10, No. 3, May 1929. 
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Ficure 15.—D1acram Suowina Meruop or Computina Sup- 
PORTING PoWER oF SoIL BELow BripGE ABUTMENT. 


connection with any computations of settlement of the 
abutment (fig. 15) resulting from slow consolidation of 
one or more compressible soil strata below the abut- 
ment, it is necessary to determine the load diagram 
(such as AA’B’B, upper diagram of fig. 15) and use it 
without transformation. However, in the following 
investigation of the possibility of the development of 
surface failure in the supporting soil (ACD, fig. 15) 
it is on the side of safety to consider the load transmitted 
by the wall or abutment as uniformly distributed along 
the plane, AB. For since the wedge, ABC, tends to 
move downward along the plane, AC, and push out 
and upward the wedge, BCD, along the plane, CD, 
it is obvious that an excess of pressure at B over that at 
A offers resistance to the forward movement of the 


wedge, ABC. 


FORCES COMPUTED FOR CONDITIONS OF EQUILIBRIUM 


With reference to figure 15, the average pressure along 
/ 

AB is 212 
formly over AB. ‘The vertical section is supposed to 
be of unit thickness in the direction perpendicular to 
the plane of the paper. Neglecting frictional resist- 
ance along AB and the shearing resistance of the sur- 
charge of thickness, d, above the plane, BD, is again on 
the side of safety and simplifies the problem. Use is 
now made of the principles of active and passive earth 


The angle a=45°—8. 
for active earth pressure, as already shown, is inclined 


at an angle of 45°— with the vertical, and the shearing 





=g, and it is assumed that this acts uni- 


pressures. The shearing plane 


plane for passive earth pressure is inclined at 45°+8 


=90°— ato the vertical (see figs.8and9). Assume that 
the unit weight, w, of the undersoil is constant through- 
out the region indicated in figure 15. Computations 
will be made in terms of forces and not stresses. 

The total vertical load on AB, of width a, is equal to 


‘ . w(ABXBC) 

Q=qa. The weight of the wedge, ABC, is eer aS 
2 

or weight="" 6°" 2 w, Then the total vertical 


2 
- , t 
force acting on the wedge, ABC, is aq+——— 
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This downward force is resisted by the vertical compo- 
nent of the cohesion along AC, which is ca cot a and by 
the vertical component, R,; cos a, where Ff, is the re- 
sultant of the normal and frictional forces on AC. 
Then for a condition of equilibrium, 


wa? cot a 
R, cos a+cea cot a=ag-+-—5 — 


or 


2 
wa cot 
5 et, Cob ee (29) 





R, cos a=ag+ 


Similarly for equilibrium FR, sin a—ca=H, or 





R, sin a=H,-+ca OS Se Seer (30) 

Dividing equation (30) by (29), 
H,-+ca 
tan a= 5 
wa’ cot a 

i ba women rmrpeme ant 40 cot a 

Hence ; 
Hy="> +09 tan "a= 200 2 ieee ee el) 


Now consider forces acting on the wedge, BCD. 
The weight of the surcharge on the plane, BD, is wd 
BD or wda cot?a=Q,. The weight of the wedge, BCD, 


is 2 BOXBD=5 wo? cot?a=W,: The total downward 


force is then Q,+ W, and this together with the vertical 
component of the cohesive resistance along CD must 
equal the upward component, f&, sina for a condition 
of equilibrium to obtain. That is, 





2 3 
R, sin a or anda cot? a+ca cot a. (32) 
Similarly, 
Rt; Cos: c— HH. — ca cova eee (83) 


Dividing equation (32) by (83) and solving for A, 


__ wa’ cot’ a 


H,=— 4 








+wda cot? a+2ca cot? a____ (34) 


For equilibrium, H,=H, and from equations (31) 
and (34), therefore, 


wa? wa’ cot* a 


“9 Fag tan a—2ca= 5 +wda cot? a+2ca cot? a 


and hence 


1=; 2¢ is wa. [ ] 1 |+ wd (35) 








an asin’ a ' 2 tan al tant a tan* a 


where g is the bearing capacity or supporting power of 
the undersoil. For ¢=0, as is the case in a purely 
cohesive soil, g=4¢-+-wd, which means that the support- 
ing power is independent of a, the width of the bearing 
area. In a compression test of an unconfined cylinder 
of the purely cohesive soil, p,=0 and p,= compressive 


strength = 2c, since oben Pe. Hence for such a 


soil and with reference to figure 15, the supporting 
power, g, is equal to twice the compressive strength 








(as determined in an unconfined cylinder compression 
test) plus wd. Lp 
If the supporting soil is clay, ¢ is small and 


is a safe working formula. Therefore if the supporting 
undersoil is clay, the design engineer is first of all con- 
cerned with the relative magnitudes of the cohesion 


and em. If the cohesion is greater than = (the cohesion 


being a conservative value based on the allowable dis- 
placement of the structure), the problem ends there. 


If the cohesion is less than ee then g must not exceed 


4c-+-wd in any case, the value gq being the average unit 
vertical load transmitted by the wall or abutment to 
the undersoil. For conditions in which ¢ is greater 
than zero, g may be computed directly from equation 
(35). 


METHOD BASED ON PLANE STRAIN HAS LIMITATIONS 


For a uniform surface load over a long strip of parallel 
sides, Prandtl’s method ” yields g=5.14c for a purely 
cohesive soil, ¢=0, and for the same conditions the 
method of Krey * gives q=6.6ce. 

The legitimate use of the formulas for plane strain 
in connection with abutment and retaining wall prob- 
lems depends chiefly on the ratio of length to width of 
the footing. There have apparently been no rules 
as to procedures where this ratio is small. Furthermore, 
for a rectangular footing whose length is not great in 
comparison to its width, there are apparently no for- 
mulas for stresses other than the vertical one, p, and 
the lateral ones p, and p,, to be found in current litera- 
ture. It is interesting therefore to compute p, for a 
relatively long footing both by the formula as applicable 
to the case of plane strain and by the formula for the 
case involving three dimensions. It should be noted 
that p, is independent of elastic constants in either 
method of computation, and it is the only stress having 
this characteristic. 

In order to indicate the limitations of the method 
based on plane strain, four different footings will be 
considered. These are: 


Noy Lot sae oe eee 50 feet long, 8 feet wide. 

IN 0.52.2 e Le eee ee 35 feet long, 10 feet wide. 
INO 32 ee ee: 30 feet Jong, 10 feet wide. 
IN O74 es eo eee Sane 20 feet long, 10 feet wide. 


It is assumed that there is a uniform load distribution 
of 3 tons per square foot on each of these four footings. 
The vertical pressure, p,, at any point in the earth at 
a depth of z feet below the footing is then computed 
by two different methods. These are: 


a. The method based on plane strain. 

b. The method based on rectangles using Newmark’s 
tables “ for convenience. 

Newmark’s method is both convenient and precise. 
Another method has been shown in a previous publica- 
tion © and in its use the rectangular footing is sub- 


12 Uber die Harte Plastischer Kérper Nachrichten von der Gesellschaft der Wissen- 
schaften zu Gottingen, Mathematisch Physikalische Klasse, pp. 74-85, 1920. 
ie Brgarnk Erdwiderstand und Tragfihigkeit des Baugrundes, H. Krey, pp. 

and 268. 

14 Simplified Computation of Vertical Pressures in Elastic Foundations, by Nathan 
M. Newmark, Circular No. 24, vol. 83, No. 4, Engineering Experiment Station, 
University of Illinois, Sept. 24, 1935. 

1 The Theory of Soil Consolidation and Testing of Foundation Soils, by L. A. 
Palmer and E.S. Barber, PUBLIC ROADS, vol. 18, No. 1, March 1937. 
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Figure 16.—D1acram SHOWING VALUES INVOLVED IN Com- 
PUTING THE NORMAL STRESS pz. 


divided into elements. The load on each element of 
area is then considered as a point load at the center 
of the element of area. The computation of p, by 
either method, (a) or (b), involves no elastic constants. 
The formulas for p, as developed by Boussinesq for a 
point load and as extended by others do not involve 
elastic constants. 

With reference to figure 16A, p, will be computed for 
depths of 5, 10, 15, and 20 feet along vertical lines 
through the points, C, the center of footing, O, the 
midpoint of an end, and M, the midpoint of a side. 
For the method of plane strain, the general formula is 


pe=E(a+sin ChCOS a Pa aamat eae (37) 


where a and £8 are the angles shown in figure 16B. 
Along the vertical line CZ, 28=0 and formula (37) 
becomes 


Along the vertical line, OZ, for points below O at the 
end of the footing, half the value of p, as determined by 
formula (38) must be taken. For points on MZ’ 
figure 16B, 26=a. 

Newmark’s tables are based on values for p, at 
points on a vertical line through a corner of rectangles 
of various sizes. Thus, the point, C, of figure 16A is a 
corner common to each of the four rectangles, 1, 2, 3, 
and 4, all of the same dimensions. The value p, 
for a point on CZ is first obtained for one of these rec- 
tangles, and this value multiplied by 4 gives p, (for 
a point on CZ) as resulting from the load on the entire 
footing. Similarly, the point, O is a corner, common to 
the two rectangles, 1 and 2, taken together and 3 and 
4 taken together. 

An example will clarify the two methods of computing 
pz. It is desired to know p, at 20 feet below the point, 
C, for footing No. 3, 10 feet by 30 feet, the unit load 
being 3 tons per square foot. The rectangles, 1, 2, 3, 
and 4 are each 5 feet by 15 feet, 








eee toa 0) ee je 
sin a 2 sin 5 COS 5 a) exe 49% 0.471 


and hence a=0.490 in radians. Then by formula (38), 


p2=2(0.490-+0.471)=0.92 tons per square foot. 


Tv 








- 
From Newmark’s tables, m  —0.25=the width of 


20 
one of the rectangles, 1, 2, 3, or 4, divided by the depth, 
_length 15 __ 
‘depth 202°? 


corresponding to m=0.25 and n=0.75 is 0.05986. 
This is first multiplied by 4 for the 4 rectangles and 
then by 3 tons per square foot, that is, 


p2=0.05986 X 12=0.72 tons per square foot. 


20 feet, and n The ‘‘coefficient’’ 





In this manner, the values for p, in table 1 are com- 
puted for the footings, 8 by 50 feet, 10 by 35 feet, 
10 by 30 feet, and 10 by 20 feet, each with a uniform 
load of 3 tons per square foot, and at various depths 
below the points C, O, and M (fig. 16). 


TaBLE 1.—Values of p, computed by methods based on plane 
strain and on rectangles, assuming a uniform loading of 8 tons 
per square foot 








Vertical pressure, Ds 

















Depth of| Below point C Below point O | Below point M 
Size of footing point by method by method by method 
(feet) consid- based on— based on— based on— 
ered 
Plane Rec- Plane Rec- Plane Rec- 
strain | tangles | strain | tangles | strain | tangles 
Tons per| Tons per| Tons per| Tons per| Tons per| Tons per 
Feet sq ft. sq. ft. sq. ft. sq. ft. 8q. ft. sq. ft. 
2. 46 2.40 1.23 1. 23 1. 44 1.39 
10 1. 65 1. 44 - 82 - 81 1, 23 1.05 
10 by 20--...-.- 15| 1.28 "94 64 57| 1.02 16 
20 - 92 ~ Oo” . 46 - 40 - 82 - 50 
5 2. 46 2.44 1, 23 1,23 1. 44 1. 43 
10 1.65 1. 57 . 82 82 1.23 1.16 
10 by 30---.---- 15 1. 28 1.02 64 60 1.02 90 
20 nog ae 46 . 44 - 82 . 64 
5 2. 46 2. 45 1523 1223 1. 44 1. 43 
10 1. 65 1.60 - 82 82 1.23 1,18 
10 by 35-.------ 15 1.28 1.12 64 "60 1.02 ‘94 
20 soe sill - 46 . 44 . 82 . 69 
5 Pipe 2. 22 uP ti | ble 1. 40 1,39 
Sibyeb0seseeeoe 10 nt!) iad . 69 . 69 Lay 1.10 
20 . 74 69 wo sey . 69 . 64 





RESULTS OBTAINED BY TWO METHODS COMPARED 


For a given footing it is seen in table 1 that the 
difference in values for p, as computed by the two 
methods increases with depth. The method based 
on plane strain is based on the assumption that the 
loaded foundation is of “infinite” length. Only finite 
lengths are considered in table 1 and for this reason the 
values obtained by the method based on rectangles are 
considered to be the correct ones. 

In the light of present knowledge it is not possible 
to compute shearing stresses by the method based on 
rectangles but it is possible to do this by the method 
based on plane strain. As indicated previously it is 
necessary to know the shearing stresses and for this 
reason it is desirable to use the method based on plane 
strain when the error involved in so doing is not too 
large. Since it is possible to compute p, for different 
points at a given depth by both methods, it should be 
reasonable to assume that if the values so computed 
are in fairly good agreement, then the analytical 


206 PUBLIC ROADS 


Vol. 19, No. 10 














method illustrated in figure 15 and based on_ the 
assumption of plane strain conditions is applicable in 
any case when the failure plane (AC, fig. 15) does not 
extend below the depth in question. 

In making use of table 1 it should be borne in mind 
that the ratio of width to length of a footing is the im- 
portant consideration. Thus, any conclusion reached 
with respect to the footing that is 10 feet wide and 30 
feet long is applicable also to a footing that is 20 feet 
wide and 60 feet long, or 5 feet wide and 15 feet long, 
etc. 

Another point to be considered is the following: 
In figure 15, illustrating failure under an abutment, 
the soil moves out in but one direction, that is, along 
plane CD which is on the open side of the abutment or 
retaining wall. The depth BC in this case is the width, 


a, multiplied by cot (45°-$) Thus, for ¢=0, BC (the 


depth to which the failure plane AC extends) is equal 
to a. On the other hand the supporting soil under a 
bridge pier is free to move out in two directions rather 
than but one. Then from symmetry the depth to which 
the failure plane extends under a pier is 5 cot (45°-$ 
where a is the width of the pier. 

To illustrate, if the 10 by 30-foot footing of table 1 
is a bridge pier and if ¢=0, the plane of failure extends 
to a depth of 5 feet below the pier. For points at this 
depth it is seen in table 1 that the values for p, computed 
by the two methods is in good agreement. On the 
other hand if the base of an abutment has these same 
dimensions and ¢ of the supporting soil is zero, then 
the failure plane extends downward to a depth=a=10 
feet and for this depth there is greater divergence in 
the two sets of computed values of p,. The more 
serious consideration then is that of the abutment 
or retaining wall where the failure plane extends to 
twice the depth that obtains in the case’of a pier. 


As ¢ increases, cot (45°—-$) increases and the depth 


(BC figure 15)=aXcot (45°—$ A few 


computed values are as follows: 


) increases. 


Depth of 
¢, degrees failure plane 
OR Ro es A Se oe eee 
TOURS 3 Bere ere See pel, Bee ed 1. 19a 
20 2 ct ee Oe oak Rs aS ey oo 1. 48a 
22) Os uke oe ee See ee 1. 48a 
30.232 3a4 2S Ee Oe ee eee ls. Faye 
OOo ors Sk See ee = oe a 2. 05a 


For ¢=0 and for a bridge pier of the dimensions 
shown in table 1, the failure plane extends down to 4 
feet below the last footing and to 5 feet below the other 
three. Since at this depth the agreement in the two 
sets of computed p, values is good in all cases, it is 
concluded that for any bridge pier having the same 
relative dimensions as those shown in table 1, the 
analytical method, assuming the method based on 
plane strain, is well warranted if ¢=0. If the first 
footing is excepted the same conclusion is reached in 
the case of abutments or retaining walls of the same 
relative dimensions. In this case the plane of failure 
extends down to 10 feet below the first three footings. 
The divergence in p,, 1.57 to 1.65 tons per square foot 
below point C and 1.16 to 1.23 below point M (fig. 16) 
at 10 feet below the 10 30-foot footing is not considered 
as being serious. 











By the same reasoning it is concluded that if the 
failure plane does not extend below 1} times the width 
of the base of the abutment or retaining wall, the 
analytical method assuming plane strain conditions is 
warranted for any footing having a length-to-width 
ratio of 3 or greater. This includes all types of support- 
ing soils having a value of ¢ of about 22°. The value 
of ¢ for most clays seldom exceeds 20° and this type of 
soil is usually the most dangerous insofar as supporting 
power is concerned. Values of ¢ exceeding 20° are 
characteristic of soils of considerable sand content. 
The value of ¢ for sands ranges usually from 35 to 40°, 
an approximate average value being 38° for which the 
failure plane extends to a depth of 1.73a for an abut- 
ment and to 0.87a for a pier. 


CONCLUSIONS 


The following conclusions are believed warranted: 

1. The analytical method, assuming plane strain 
conditions, is applicable for all bridge piers of the rela- 
tive dimensions given in table 1 (length-to-width ratio 
of 2 or greater) and for all values of ¢ ranging from 0 
to values characteristic of sand. 

2. The same analytical method is warranted for 
bridge abutments and retaining walls when the length- 
to-width ratio of the base is 3 or greater, ¢ having any 
value ranging from 0 to 22°. This includes practically 
all clays which present the major problem with respect 
to supporting power. 

In the absence of percolating water or hydrostatic 
uplift, sands do not generally present a serious problem. 

It is possible to check the accuracy of the assumption 
of conditions of plane strain by computations of the 
stress, p-. It is not possible to check the assumption 
by computations of values of all other stresses. On 
account of this fact there is no check on the reasonable- 
ness of the assumption of conditions of plane strain 
other than the agreement of p, values as computed 
by the method based on rectangles and by the method 
based on plane strain. A study of past and current 
soil mechanics literature does not indicate any means of 
computing by methods using three dimensions the shear- 
ing stresses at points below a rectangular loaded area. 

The problem has, however, been solved in part for 
a loaded circular area ' and Jiirgenson computes the 
stresses below a square footing by assuming a circle of 
equivalent area. For the loaded circular area, the 
analysis is limited to merely computing the stresses 
at any point below. Thus, it is known that the greatest 


shearing stress is equal to te where p is the unit load 


(when the load distribution is uniform) and this shear- 
ing stress exists at all points immediately beneath 
the perimeter. 

For a circular footing there is as yet no solution to the 
problem of determining the supporting power of the 


undersoil when c, the unit cohesion, is less than & 


Nadai’* shows that on the basis of experiment the 
forcing of a punch of cylindrical cross section into a 


plastic metal produces flow figures in the shape of 
logarithmic spirals, and the same phenomenon is ob- 


16 Treatise on the Mathematical Theory of Elasticity (see p. 190), by A. E. H. 
Love, 4th ed. Cambridge, University Press, 1934. 

1 The Application of Theories of Elasticity and Plasticity to Foundation Problems, 
Dy Leo ie teenser) Journal of the Boston Society of Civil Engineers, vol. 21, No. 3, 

uly : 

18 Plasticity, A. Nadai, p. 228, McGraw-Hill Book Co., 1931, 
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served in the heads of boilers subjected to plastic bend- 
ing under an axially symmetrical stress field. There 
is, however, no adequate theory to account for this 
occurrence. 

Only rigid footings and static loads have been as- 
sumed and considered in this paper. The case of flexi- 
ble footings presents complicated factors which for the 
most part have not as yet been satisfactorily accounted 
for. The problem of dynamic loading still awaits a 
theoretical solution substantiated by ample experi- 
mental data. | 
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Tres COVER’ PICTURE 


The value of preserving trees and protecting them 
from damage during highway construction is shown by 
the cover picture. This section of U.S. Highway No. 1, 
near Brunswick, Maine, passes through a pine forest 
known as ‘‘The Bowdoin Pines.” 

Modern highways are designed so as to preserve the 
natural beauty of the roadside without sacrifice of 
service or utility. This has been successfully done on 
the highway shown. Here the grade of the highway 
is at approximately the same elevation as the surface 
of the adjacent ground. Note how the undergrowth 
screens the bases of many of the large trees, and how 
inconspicuous the poles and wires become. 
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